TWISTED CAPPELL-MILLER HOLOMORPHIC AND ANALYTIC TORSIONS 
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Abstract. Recently, Cappell and Miller extended the classical construction of the analytic torsion for de 
Rham complexes to coupling with an arbitrary flat bundle and the holomorphic torsion for 9-complexes 
to coupling with an arbitrary holomorphic bundle with compatible connection of type (1, 1). Cappell 
and Miller studied the properties of these torsions, including the behavior under metric deformations. 
On the other hand, Mathai and Wu generalized the classical construction of the analytic torsion to 
the twisted de Rham complexes with an odd degree closed form as a flux and later, more generally, to 
the Z2-graded elliptic complexes. Mathai and Wu also studied the properties of analytic torsions for 
the Z2-graded elliptic complexes, including the behavior under metric and flux deformations. In this 
paper we define the Cappell-Miller holomorphic torsion for the twisted Dolbeault-type complexes and 
the Cappell-Miller analytic torsion for the twisted de Rham complexes. We obtain variation formulas 
for the twisted Cappell-Miller holomorphic and analytic torsions under metric and flux deformations. 



1. Introduction 

In the celebrated works [23l [24] , Ray and Singer defined the analytic torsion for de Rham complexes 
and the holomorphic torsion for 9-complexes of complex manifolds. Ray and Singer studied the properties 
of analytic and holomorhpic torsions, including the behavior under metric deformations. In their works, 
Ray and Singer coupled the Riemannian Laplacian and the 9-Laplacian, respectively, with unitary flat 
vector bundles and yielded self-adjoint operators. Hence, the analytic torsion and holomorphic torsion 
are real numbers in the acyclic cases considered by Ray and Singer and are expressed as elements of real 
determinant line bundles. 

Recently, Cappell and Miller [T^] extended the classical construction of the analytic torsion to coupling 
with an arbitrary flat bundle and the holomorphic torsion to coupling with an arbitrary holomorphic 
bundle with compatible connection of type (1, 1). This includes both unitary and flat (not necessarily 
unitary) bundles as special cases. However, in this general setting, the associated operators are not 
necessarily self-adjoint and the torsions are complex-valued. Cappell and Miller also studied the properties 
of their torsions, including the behavior under metric deformations. 

In [20[[^ Mathai and Wu generalized the classical construction of the Ray-Singer torsion for de Rham 
complexes to the twisted de Rham complex with an odd degree closed differential form iJ as a flux and 
later, more generally, in [22], to the Z2-graded elliptic complexes. The definitions use pseudo-differential 
operators and residue traces. Mathai and Wu also studied propoerties of analtic torsion for Z2-graded 
elliptic complexes, including the behavior under the variation of metric and flux. 

Let E he a. holomorphic bundle with a compatible type (1, 1) connection D, cf. Definition 13.11 over a 
complex manifold W of complex dimension n and H G A^'^{W, C) he ad closed differential form, for each 
P,^ < P < n, we define the twisted Cappell-Miller holomorphic torsion, T\io\o,p{W, E, H), cf. Definition 
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13.51 as a non- vanishing element of the determinant hne 

ri,oioAW,E,H) e BetHl'^{W,E,H) ® [Det ff*^„-P(VK, i;, 

We show that the variation of the twisted Cappell-Miller holomorphic torsion Thoio,p(W^, E, H) under the 
deformation of the metric is given by a local formula, cf. Theorem 13.81 We also show that along any 
deformation of H that fixes the cohomology class [H] and the natural identification of determinant lines, 
the variation of the twisted Cappell-Miller holomorphic torsion T\yo\o^p{W,E,H) under the deformation 
of the flux is given by a local formula, cf. Theorem 13.121 

Let £ he a. complex flat vector bundle over a closed manifold M endowed with a flat connection V and 
let T-L be an odd degree flux form. Then the Cappell-Miller analytic torsion t(V,H), cf. Definition 14. 2 [ 
for the twisted de Rhani complexes is an element of Det_ff*(Af, £ ® £',H). We show that the variation 
of the twisted Cappell-Miller analytic torsion r(V,H) under the deformation of the metric is given by a 
local formula, cf. Theorem l4.3l We also show that along any deformation of H that fixes the cohomology 
class [H] and the natural identification of determinant lines, the varition of the the twisted Cappell-Miller 
analytic torsion t(V,H) under the deformation of the flux is given by a local formula, cf. Theorem 14.31 
In particular, we show that if the manifold M is an odd dimensional closed oriented manifold, then the 
twisted Cappell-Miller analytic torsion is independent of the Riemannian metric and the representative 
TL in the cohomology class [H]. See also [27l Section 6]. We also compare the twisted Cappell-Miller 
analytic torsion with the twisted refined analytic torsion [T7] , cf . Theorem 14.51 

Note that in [T7] the author defined and studied the refined analytic torsion of Braverman and Kappeler 
[ini [H] for the twisted de Rham complexes. Later, in [27|, Su defined and studied the Burghelea-Haller 
analytic torsion [71 HI |9] for the twisted de Rham complexes and compared the twisted Burghelea-Haller 
torsion with the twisted refined analytic torsion. In [27], Su also briefiy discussed the twisted Cappell- 
Miller analytic torsion when the dimension of the manifold is odd. 

The rest of the paper is organized as follows. In Section 2, we define and calculate the Cappell- 
Miller torsion for the Z2-graded finite dimensional bi-graded complex. In section 3, we first define the 
Dolbeault-type bi-graded complexes twisted by a flux form and its (co)homology groups. We then de- 
fine the Cappell-Miller holomorphic torsion for the twisted Dolbeault-type bi-graded complexes. We 
prove variation theorems for the twisted Cappell-Miller holomorphic torsion under metric and flux de- 
formations. In section 4, we first define the de Rham bi-graded complex twisted by a flux form and 
its (co)homology groups. Then we define the Cappell-Miller analytic torsion for the twisted de Rham 
bi-graded complex. We prove variation theorems for the twisted Cappell-Miller analytic torsion under 
metric and fiux deformations. 

Throughout this paper, the bar over an integer means taking the value modulo 2. 

2. The Cappell-Miller torsion for a Z2-graded finite dimensional bi-graded complex 

In this section we define and calculate the Cappell-Miller torsion for the Z2-graded finite dimensional 
bi-graded complex. For the Z-graded case, cf. [TBI Section 6]. Throughout this section k is a field of 
characteristic zero. 

2.1. The determinant lines of a Z2-graded finite dimensional bi-graded complex. Given a k- 
vector space V of dimension n, the determinant line of V is the line Det(V^) :— A"V, where A^V denotes 
the n-th exterior power of V. By definition, we set Det(O) :— k. Further, we denote by Det{V)^^ the 
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dual line of Det(T^). Denote by 

^0 ^cvcn Cj'^^ (J^ ^odd ^2i+l 

1 = 2 = 

where C% i = 0, • • • , m, are finite dimensional k- vector spaces. Let 

{C\d) : ^ C° ^ ^ C° (2.f) 

be a Z2-graded cochain complex of finite dimensional k- vector spaces. Denote by H'{d) ~ H'^ (d) (B (d) 
its cohomology. Set 

Det(C") := Det (C°) ® Det (C^)"\ Det(i/*(rf)) := Det(i/°(d)) (g) Det(i/^(<i))"^ (2.2) 
Now if in addition, C* has another differential d* : ^ C*^^^ so that 
(C* d^^ ' 

Denote by H,{d*) = H^{d*) © Hi{d*) its homology. Set 

Det(iJ.(d*)) Det(Ho(d*)) ® Det(i7j(d*))"\ 

2.2. The fusion isomorphisms, (cf. [IT] Subsection 2.3]) For two finite dimensional k- vector spaces 
V and W , we denote by ^v,w the canonical fusion isomorphism, 

^jiv,w ■■ Det(T/) ® Det{W) Bet{V © W). (2.3) 

For V e Det(V"), w £ Det(VF), we have 

Mv,w(v ® w) = (-f )'^™^-'^™^^H/,v(u; ® w). (2.4) 

By a slight abuse of notation, denote by iJy\y the transpose of the inverse of nv,w- 

Similarly, if Vi, • ■ • , K- are finite dimensional k- vector spaces, we define an isomorphism 

UVu- ,Vr ■ Det(Vi) ®---® Dei{Vr) -> Det(yi © • • • © V;). (2.5) 

2.3. The isomorphism between determinant lines. For fc = 0, 1, fix a direct sum decomposition 

C*^ = # ©iJ'^' ©#, (2.6) 

such that © = (Kerd) n C*^ and B^^ = d{C~) = Then H^^ is naturally isomorphic to 

the cohomology H^{d) and d defines an isomorphism d : ^ B^^^ . 

Fix cj. e Det(C'=) and xj. £ Det(A'=). Let d{xk) G Det(B'=+i) denote the image of x-^ under the map 
Det(^'^) ^ Det(i?'^"'""'^) induced by the isomorphism d : A'^ -i- B'^^^. Then there is a unique element 
hj, e Det(i7^') such that 

Ck= f^B'^H'^,A^{dix—)(Shk(i)Xj,), (2.7) 

where /i^s is the fusion isomorphism, cf. (12. 5p . see also 11, Subsection 2.3]. 

Define the canonical isomorphism 

(be = ^icrd) ■■ Det(C") Det{H*{d)), (2.8) 

by the formula 

<j>C' ■■ Co (S) c^^ ^ ho (g) h^^ . (2.9) 
Notice that, following the sign convention of [11, (2-14)], in [T71 (2.10)] a sign refined version of the 
canonical isomorphism (|2.8p was introduced. Here we follow the sign convention of [THl Section 6] . 
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Similarly, for /c = 0, 1, fix a direct sum decomposition 

C'^ = ©i/fe © A^, (2.f0) 

such that B-^ Hj. = (Kerd*) n C*^ and B-^ = d* {C~) = d*{A-^). Then Hj. is naturally isomorphic 
to the homology H]^{d*) and d* defines an isomorphism d* : A^. ^ ^fc^T- 

Similarly, fix cj. e Det(C'^) and y^. G Det(ylj.). Let d*{yj.) G Det(i?j— j) denote the image of y^^^ under 
the map Det(Aj.) — J> T)et{B-^z:Y) induced by the isomorphism d* : — s> B-^zr^- Then there is a unique 
element /i^ G Det(i?'^) such that 

Cfc =MBs,ffi,As(rf*(2/fe+T)®^'fc®2/fc)' (2-11) 
where HBf^MkAk is the fusion isomorphism, cf. p.Sp . see also [HI Subsection 2.3]. 
Define the canonical isomorphism 

^'c = <l>[c',d') ■■ Det(C*) Det(iJ.(d*)), (2.12) 

by the formula 

(t)'c'. ■■ CqI^c^'^ ^ h'^(S)h'i^. (2.13) 

2.4. The Cappell-Miller torsion for a Z2-graded finite dimensional bi-graded complex. Let 

C ~ C'^QC^ and C = C°©C^ be finite dimensional Z2-graded k-vector spaces. The fusion isomorphism 

fi^.^^. : Det(C*) (g) Det(C') ^ Det(C" ® C*), 

is defined by the formula 
where 

A^(C",C*) := dimC^ -dimC". (2.15) 

Consider the element 

c := Cf) (8) Cj^ 

of Det(C"). Then, for the bi-graded complex (C*, d,d*), the Cappell-Miller torsion is the algebraic torsion 
invariant 

r(C',d,d*) (-l)^(^*Vc-(c)(0c-(c))"' e Dct(i/*(d)) ® Dct(i7.(d*))-\ (2.16) 
where (— l)"^*^*-^ ' is defined by the formula 

S{C') := [ dim B— ■ dim B~ + dim B~ ■ dim Hj, + dim B— ■ dim iJ^] . (2.17) 

k=Q,l 

2.5. Calculation of the Z2-graded Cappell-Miller torsion. In this subsection we compute the Z2- 
graded Cappell-Miller torsion. We first compute the case that the combinatorial Laplacian A :— d*d+dd* 
is bijective. 

For fc 0, 1, define 

C| :=Kerd*nC'', C*::=KerdnC^ (2.18) 
The proof of the following proposition is similar to the proof of the Z-graded case, [Hi Subsection 6.2, 
Claim B]. 

Proposition 2.1. Suppose that the combinatorial Laplacian A has no zero eigenvalue. Then the coho- 
mology group H*{d) =^ and the homology group H,{d*) — 0. Moreover, 

r(C", d, d*) =Det(d*d|pa) •Det(d*d|pi)-\ (2.19) 
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Proof. If the combinatorial Laplacian A has no zero eigenvalue, then, for each A: = 0, 1, A is an isomor- 
phism from C'^ to C^. Hence, for each x G C'^, there is a y G C*^ such that 

X = Ay ^ (dd* + d*d)y. 

This implies that 

If X e d*C^ n dC~, then, by the facts that d*d* = and dd = 0, we have d*x = and dx = 0. 
Hence, we have 

Ax = {dd* +d*d)x = 0, 

which implies that a; = by the assumption. We conclude that, for each fc = 0, 1, we have the following 
direct sum decomposition 

^ d*d^ ® dC^. (2.20) 

By the facts that 

d*A^d*dd*=Ad\ dA = dd*d^Ad, 

we know that the isomorphism A preserves the splitting (I2.20p . Hence A maps d*C*'^^ and dC'^~^ 
isomorphically to themselves. Since 

the maps d*d and dd* are isomorphisms on d*C'^^^ and dC'^, respectively. In particular, d : d*C''^^ 
dC'' and d* : dC'' (i*C'^+^ are injections, respectively, and the composite d*d is an isomorphism from 
d*C''+^ to itself. Hence we have the following isomorphisms 

d:d*C^'^dC^, d* -.dC^ '^d*C^ (2.21) 

and, in particular, H,{d*) — and H'{d) = 0. This proves the first assertion. 

To compute T{C',d,d*), cf. (^T^ . we first compute ^^.(c). By ([^T^ . (P?^ and 1^^ . we know 
that 

Cl ^ d*C^, = dC^. (2.22) 

By (H^, (piU)) . ^(n\\ . ^^rFI\ and the first assertion, we know that 

cl = B-^ = 0^=3^ ^ Aj. (2.23) 

Let {d*?/fc+x,Jl < « < dimSj be a basis for B-^ = d*C^ = . Since 

d*d : d*C^ ~> d*C^ 
is an isomorphism, there is a unique vector 

a;^,, e = d*C^ 

such that 

= d*2/fe+T,r (2-24) 

Then {a;|: -|1 < i < dimS^} is also a basis for Bj. = A''. By the fact that d : d*C^+^ dC'^ is an 

isomorphism, it follows that {dx^rjl < i < dimSj.} is a basis for B'^'^^ = dC'' = Aj^. Hence, in view 
of the decomposition (|2.20p , we conclude that 

{d*yk+-Jl < i < dimSj U < I < dimi?^} 
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forms a basis for C*^. In particular, by the first assertion and ()2.6p . we have 

dim B'' = dim B^. (2.25) 
With this particular choice of basis, we set 

Vk+T ■= yk+iA ^---^ yfe+T,dimBs e Det(^^) 

and 

X— ■■= X— A • • • A x—^^.^^s_ G Det(B— ). 

Let d*y^^ be the induced element in Det(i?j,) and dx-j—^ be the induced element in Det(A^). Set 

c-k = ^lB!,.A-M*yk+T^dx—). (2.26) 

To compute 0^. (c), cf. (|2.13p . we need to compute the element /i^ £ Det{Hj^{d*) = k. 

If L is a complex line and x,y d L with y ^ 0, we denote by [x : y] S k the unique number such that 
X — [x : y]y. Then 

^'k = [Cfc ■■ P-B-^.A,, id*yk+i ® dx—)] by (ESI 

= [f^B.Md^Vk+i^^dxj^) : /XBs.A,(rf*2/fc+r® rfx^)] by Q (2.27) 
= 1. 

We next compute (f>c'{c). By (12. 9p . we need to compute /i^. By the above choice of basis, we have 
= b^B-^,Ai,{d*Uk+i(Sdx—) ■■ t^B'^,A^idx—) ® x-k] by (|2.26p 

= [/is^,As(d*rfa;fe ® dx^) : /iA^.s^ (dx^) ® x^] by (|2:23ll . (12:241) (2.28) 

= {-lr'''''^-''''''^^^iB,Md*dx-^®dx^) : )] 

= (_l)dimB— dims— ,[2^^ ,[2^^ 

By combining I^J^, ((^171) . dS^T]), (P?^ with the first assertion, we obtain ^J^. □ 

We now compute the case that the combinatorial Laplacian A :— d*d + dd* is not bijective. Note that 
the operator A maps C*^ into itself. For an arbitrary interval I, denote by Cj C C'^ the linear span of the 
generalized eigenvectors of the restriction of A to C*^ , corresponding to eigenvalue A with A G I. Since 
both d and d* commute with A, (i(C|) C C^+^ and d*(C|) C C^'^. Hence, we obtain a subcomplex 
C* of C*. We denote by H*{d) the cohomology of the complex {C*,di) and H,^x{d*) the homology of 
the complex {C*,d^). Denote by dx and dj the restrictions of d and d* to and denote by Ai the 
restriction of A to Cj. Then Aj = d^dj + didj. For fc = 0, 1, we also denote by j the restrictions of 
C| to C|. 

For each A > 0, we have C" = q* © Then H'{d) = whereas -ff[o,A](^) - -^'(^) and 

H»{d*) — whereas -ff,jo,A] (c^*) — H%{d*). Hence there are canonical isomorphisms 

: Det(i/(\_^)(d)) ^ C, vf.;, : Det(ff[- (d)) ^ Det(i/-(d)). 

and 

$^ : Det(iJ.,(A,oo)(d*)) ^ C, : Det(iJ.joa] (d*))"' ^ Det(i/.(d*))-i. 

In the sequel, we will write t for ^x{t) e C and t' for <I'';^(t') £ C. 
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Proposition 2.2. Let {C',d,d*) be a 1,2-graded bi-graded complex of finite dimensional 'k-vector spaces. 
Then, for each A > 0, 

T{C\d,d*) ^Det{d*d\(^o )-Det{d*dy • r(q* d, d*), (2.29) 

where we view t{C'i^ , d, d*) as an element ofDet{H'{d))(E)T)et{H,(d*))~^ via the canonical isomorphism 

*A ® *1 : Det(iJ[' '^](d)) ®Det(i7.,[o,A](d*))"^ ^ Dct{H'{d)) (E}Det{H,{d*))-\ 

In particular, the right side of (I2.29P is indenpendent of X > 0. 

Proof. Recall the natural isomorphism 

Det(il[^,^](d) ® - Det(ijfo_^](d) © iJ(\,oo)(d)) - Det(iJ^(d)) (2.30) 

and 

Det(iffc^[o^A]K) ® ^ffc,(A,oo)K)) = Det(iIs,[o,A](rf*) ® ^^fc,(A,oo)K)) = Det(iJ^.(d*)) (2.31) 

From ([2TT61) . Proposition [IHI ((2^ and (|23T|) we obtain the resuh. □ 

3. Twisted Cappell-Miller holomorphic torsion 

In this section we first review the 9-Laplacian for a holomorphic bundle with compatible type (1,1) 
connection introduced in |16) . Then we define the Dolbeault-type bi-graded complexes twisted by a 
flux form and its cohomology and homology groups. We define the Cappell-Miller holomorphic torsion 
for the twisted Dolbeault-type bi-graded complexes. We also prove variation theorems for the twisted 
Cappell-Miller holomorphic torsion under metric and flux deformations. 

3.1. The 9-Laplacian for a holomorphic bundle Vifith compatible type (1,1) connection. In 

this subsection we review some materials from [T6|, see also jT8] . 

Let (W, J) be a complex manifold of complex dimension n with the complex structure J and let g^ 
be any Hermitian metric on TW. Let E ^ W he a holomorphic bundle over W endowed with a linear 
connection D and let be a Hermitian metric on E. 

The complex structure J induces a splitting TW C = T^^^°^W ® T^°''^'>W, where T^'^'°'>W and 
are eigenbundles of J corresponding to eigenvalues i and —i, respectively. Let T*'^^'°^W and 
be the corresponding dual bundles. For < p, q < n, let 

AP'^{W,E) = T{W, AP(r*(i^°%) ® A«(r*("^i%) ® E) 

be the space of smooth {p, g)-forms on W with values in E. Set 

n 

A'^'{W,E) = AP'''{W,E). 

p,q=a 

Let B : AP'''{W,C) WP'1+^{W,C) and d : AP'''{W,C) AP+^^'i{W,C) be the standard operators 
obtained by decomposing, by type, the exterior derivative 

d = d + d 

acting on complex- valued smooth forms of type {p, q). By = 0, we have = 0, d'^ — 0. 

Since E is holomorphic, the operator on A'''{W, E) has a unique natural extension to A'''{W, E), cf. 
[El P. 139], 

Be : AP'''{W,E) ^ WP^''+\W,E). 
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Under the splitting T{W, {T*W (g)RC)'S)cE) = A'^^°{W,E)®A°-'^{W,E), the connection D decomposes 
as a sum, D = D^^° ® ZJ^^^ with 

D^'° : T{W,E) A^'°{W,E), D°'^ : r{W,E) A°'\W,E). 

Extend the connection D on T{W,E) in a unique way to A*-''{W,E) by the Leibniz formula, cf. [1, P. 
21], then the extended D again decomposes as a sum D = D^''^ + D'^'^, which also satisfy the Leibniz 
formula, cf. [H P. 131]. 

We recall the following definition, cf. 16, P.139-140] or [H Definition 2.1]. 

Definition 3.1. The connection D is said to be compatible with the holomorphic structure on E if 
£)0,i _ rpj^^^ coonection D is said to be o/ type (1, 1) if the curvature is of type (1, 1), that is, 
= and = 0. 

The complex Hodge star operator 7k- acting on forms is a complex conjugate linear mapping 

* : AP-^iW, C) C) 

induced by a conjugate linear bundle isomorphism, cf. [16l P. 141]. 
The natural conjugate mapping 

conj : AP-'^iW, C) -> A'^'^iW, C) 

is a complex linear mapping, induced by the bundle automorphism, cf. |16[ P. 141], 

T*W ®R C ^> T*W (gimC, v(3X^v(E)X, v£ T*W, A G C, 

of the complexified cotangent bundle. Denote by ★ := conj Then 

★ = conj * : AP'^iW, C) ^ A"-9^"~p(1^, C) 

is a complex linear mapping. Clearly, ★ = conj ★ = ^conj. 

As pointed out in [TBI P- 141] that ★ being complex linear may be coupled to a complex linear bundle 
mapping, such as the identity mapping. We also denote by i the complex linear mapping 

i : AP-'^iW, E) ^ E). 

Recall that the adjoint d* of d with respect to the chosen Hermitian inner product on TW is given by 

d* = -T^a*. 

In particular, 

d* — —i conj d conj * = —id*. 
Let D he a, compatible (1, 1) connection. Following [TBI P- 141], we define 

Di n — — -kD^'^-k 

and the 9-Laplacian for the holomorphic bundle E with compatible type (1,1) connection D by 

£,1.0 + d^ni.o 

Note that {B*j^^oi,of = 0, since {D^^°f = and = ^ ±1. 

Denote by 5e the adjoint of the 9-operator Be with respect to the inner product < •, • on A''*{W, E) 
induced by the Hermitian metrics and . Then the associated self-adjoint i9-Laplacian is defined as 

□b = {Be + Se^ = BeSe + SeBe- 



TWISTED CAPPELL-MILLER HOLOMORPHIC AND ANALYTIC TORSIONS 



9 



Recall that, in general, the operator g is not self-adjoint with respect to the inner product < •, • >e 
on A*'*{W, E), but has the same leading symbol as the operator De, cf. [16l Section 3]. When the 
connection on E is compatible with the Hermitian inner product < •, • >e on A*'*{W, E), the operator 
recovers the self-adjoint operators considered by Bismut, Gillet, Lebeau, and Soule [U |3l |4j [5l [6l 
[T3l[T4]. When the bundle E is unitary flat, the operator D^^q recovers the self-adjoint operators of Ray 
and Singer, [25 • For more details about the operator D^^q, cf. [T6] . 



3.2. Twisted Dolbeault-type cohomology and homology groups. For each < p < n, denote by 
AP'^{W,E) := AP-''''"\W,E) Siud Ap^^{W,E) := AP'°'^'^{W, E). Let H e A°''\W,C) and d§ := Be + HA-. 
We assume that dH ~ 0, then, as in the de Rham case, {d§)^ — 0. Hence, we can consider the following 
twisted complex: 

{AP''iW,E),d^) : ■■■ ^ AP'^^iW.E) ^ AP'\W,E) ^ AP'^^iW^E) . 
We define the twisted Dolbeault-type cohomology groups of i?), as 

HfiW,E^H) :^ "^^^'^ - ^ AP^^iW,E)) 

lui{d^ : AP'^-^{W,E) ^ AP^^'iW.E)) 

Denote by _ff conj H. Let D^^° := D^-^ + H then {D]f)^ ^ 0. Hence, we can also consider the 
following twisted complex: 

{A'^P{W,E),D]f) A°'P{W,E) % A^^p{W,E) % A°'P{W,E) . 

We define the twisted Dolbeault-type cohomology groups of (Ap^* {W, E), D^^^^) as 

^ Imp]^" : A^-^'P{W,E) Ak,P{W,E)) 

Denote by 9^'^i,o — *(-D^'° + conj H A ■)i = — then we have {B*^^Y = 0. Again we can 
consider the following twisted complex: 

{AP^*{W,E),d]^%,,,) 'i^" AP'%W,E) ''i^" Ap^\w,E) ''i^" AP'\W,E) ^i^" • ■ • . 
We define the following twisted Dolbeault-type homology groups of -E), 9^'^i_o) as 



_ „ Ker(at'^i : Ap^^{W,E) ^ AP'^-\W,E)) 

H-^{AP''{W,E),d];"o):^ -^7^ — fc = 0,l. 

lui[d*j^%,,r.AP^*^+^{W,E)^AP^*^{W,E)) 



The operator ★ induces a C-linear isomorphism of the complex { AP'' (W, E), -pi^o) to the complex 
{A"--*'''-P{W,E),±D]f ). Hence, as the Z-graded case, cf. [H P. 151] or [18. (2.19)], we have the 
following isomorphism: 



H^^-'^^--P{W,E,H) = H-,{AP-'{W,E),d*^l,,o), fc = 0,l. (3.1) 
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3.3. C-function and ^-regularized determinant. In this subsection we briefly recall some definitions 
of C-regularized determinants of non self-adjoint elliptic operators. See |1H Section 6] for more details. Let 
F be a complex (respectively, holomorphic) vector bundle over a closed smooth (respectively, complex) 
manifold N. Let D : C°°{N, F) — > C°°{N, F) be an elliptic differential operator of order m > 1. Assume 
that 6 is an Agmon angle, cf. for example. Definition 6.3 of [H]. Let H : L'^{N,F) L'^{N,F) denote 
the spectral projection of D corresponding to all nonzero eigenvalues of D. The ('-function ^0(3, D) of D 
is defined as follows 

Ceis,D) ^TiUDg", Res>^^^. (3.2) 

It was shown by Seeley [33] (See also [5B]) that (^e{s,D) has a meromorphic extension to the whole 
complex plane and that is a regular value of (g(s,D). 

Definition 3.2. The (.-regularized determinant of D is defined by the formula 

d 



Det;(i?) exp ( - — Ce{s,D) 
V as s=o 

We denote by 



as s=o 

Let Q be a 0-th order pseudo-differential projection, ie. a 0-th order pseudo-differential operator 
satisfying — Q. We set 

Ce{s,Q,D)^TrQnDg', Res>^^^^. (3.3) 

m 

The function Ce(s, Q, D) also has a meromorphic extension to the whole complex plane and, by Wodzicki, 
[251 Section 7], it is regular at 0. 

Definition 3.3. Suppose that Q is a 0-th order pseudo-differential projection commuting with D. Then 
V :— ImQ is D invariant subspace of C°°{M,E). The (-regularized determinant of the restriction D\v 
of D to V is defined by the formula 

Bet'giD\v) :=e^^<^^^^\ 

where 

LDet'e{D\v) = -4- Ce{s,Q,D). (3.4) 

as s=Q 

Remark 3.4. The prime in Detg and LDet'g indicates that we ignore the zero eigenvalues of the operator 
in the definition of the regularized determinant. If the operator is invertible we usually omit the prime 
and write Det^ and LDet^ instead. 

3.4. Twisted Cappell-Miller holomorphic torsion. Note that, for each < p < n, the twisted flat 
9-Laplacian, defined as 



maps AP'''{W, E), k ~ 0,1 into itself. Suppose that I is an interval of the form [0, A], (A, /i] or (A, 00) (/i > 
A > 0). Denote by U^h _ j the spectral projection of g corresponding to the set of eigenvalues, whose 
if Set 

AP/iW,E) ■.= UaH ^^:c{AP^'^{W,E)) cAp-''{W,E), fc = 0, 1. 



E.O 

absolute values lie in I. Set 
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If the interval X is bounded, then, for each < p < n, the space A^'^{W, E),k — 0,1 is finite dimensional. 
Since and commute with Q^g, the subspace A^'^{W,E) is a subcomplex of the twisted bi- 

graded complex {AP''{W,E),d§ ,d*j^"^i,o)- Clearly, for each A > 0, the complex AP'''{W,E) is doubly 
acyclic, i.e. £;), 9f ) and H-^iAP'^'^^iW, E), B*^"^,,,) = 0. Since 



we have the isomorphisms 



and, by (pi^) . 



AP^''{W,E) = A^%^{W,E)®Al,'^^^iW,E), 
H\A^^^^iW,E),d^)^Hg'iW,E,H) 



if,(Af„-,j(M/,i?),a^'.^,,o) - H-''{A'^^-P{W,E),±D]i") - H--'^'-P{W,E,H). 
In particular, we have the following isomorphisms 

Det H' ( Afo*,j {W,E),d§)^ Det {W,E,H) 



(3.5) 



and 



Det i?.(Af„*,j {W, El d*^"^,,o) = Det H^^-^^-^^iW, E, H). (3.6) 
For any A > 0, < ^? < n, denote by Tp [o,a] the Cappell-Miller torsion of the twisted bi-graded complex 



p.k 

determinant line 



(Afo"^l(W^,i;),9f ,9;'^i.o), cf. (EUD. Then, by (03]) and 



we can view r, 



P,[0,A] 



as an element of the 



rp.[o,A] e Deti7|;;(W^,£;,i7) ® [Det F;;-:'""''(W^, i?, i?)]^' 

^ Deti7P;;(l^,£;,7I) [Deti?^\V(W^,^^,^)]^"'^"*'- (3-7) 
For each fc = 0, 1 and each < p < n, set 

AP^%{W, E) Ker(af a^;^,,„) n Af{W, E), 

AP_:%iW,E) ■.= KeT{d*^%,,d^)nAP/iW,E). 

Clearly, 

A^'^iW, E) = ^P:_^i(iy, E) © ^P'^i(I^, £;), if ^ X. 
Let 6 € (0, 27r) be an Agmon angle of the operator g, cf. for example [Til Section 6]. Since the lead- 
ing symbol of the operator D^g is positive definite, the C- regularized determinant Dete(9^''^i,o9|f)|^p, 

is independent of the choice of the Agmon angle 9 of the operator Q^g- 
For any < X < fi < oo, one easily sees that 



:(W,E) 



n (Det,(a*;^,oaf)| 



k=0,l 



,{W,E) . 



n (Det,(a-^,,„af)| 



fc=0,l 



By Proposition 12.21 and 



fc=o,i 

, we know that the element 



[ n (Det,(a^;^,,c5f)|^, 



,(-1)" 



+ ,(fi,oo) 



n 

fc=0,l 



Dete(9^'^^i,o9f )| 



(3.8) 



(3.9) 



is independent of the choice of A. It is also independent of the choice of the Agmon angle G (0, 27r) of 
the operator D^g- 
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We now define the twisted Cappell-Miller liolomorphic torsion. 
Definition 3.5. The non-vanishing element of the determinant 

defined in p.9p is called the twisted Cappell-Miller holomorphic torsion. 



operators associated to tlie metrics and denote by 9^' ^1,0 ^ '■— —iu{D^'^ + conj if A •)★„. Let 
'-'p /5 ~ ^ ^E^i.o m)^ Laplacian operators associated to the metrics . 



3.5. Twisted Cappell-Miller holomorphic torsion under metric deformation. Let gY,u G M, 
be a smooth family of Hermitian metrics on the complex manifold W. Denote by *u the Hodge star 

E,d,u ~ ~^ ^E,D^.o, 

Fix Up £ R and choose A > so that there are no eigenvalues of ^ ^ whose absolute values are equal 
to A. Further, assume that A is big enough so that the real parts of eigenvalues of ^ ^ are all greater 
than 0. Then there exists 5 > Q such that the same is true for all u S (mq — 5,uq-\- 5). In particular, if we 
denote by ^j'o'x] SW,E) the span of the generalized eigenvectors of D^g^ corresponding to eigenvalues 
with absolute value < A, then dimv4|'p*^j E) is independent of u G {uq — (5, uq + (5). 

For any A > 0,0 < p < n, denote by Tp [o,A],ti the Cappell-Miller torsion of the twisted bi-graded 
complex (Afo*,](W^,£;),af ,a^;^,,o, J. Set 

_i d d ^ 

The proof of the following lemma is similar to the proof of Lemma 7.1 of [16], where the untwisted case 
was treated. To save space, we omit the proof. 

Lemma 3.6. Under the above assumptions, we have 

-T-Tp,[Q,x].u = - X! (^1)'''^'' ["«Lf'\ (w,i5)] • ■^p,[o,A],«- 

fe=0,l 

We also need the following lemma. 
Lemma 3.7. Under the above assumptions, we have 



JW 



k=0,l k=0,l fc=0,l 

where b^ ^ ^.^^ is given by a local formula. 
Proof Set 



n.p,k,u 5 

W 



f{s,u)= Yl (-1)' / ^^"'Tr(cxp(-t(9*-^,,oX)L-^ 



fc=0,l 



dt 



r(s) 5](-l)^-C(.,(9*;^,o,„af)|^,,K ). (3.10) 



fc=0,l 

Then we have 



J^5*,H I __r ^*,H I 



which follows easily from 9t''^i,o + conj H A and the equality -k^ ^ ■ 4-,i^u — — — ^ 



TWISTED CAPPELL-MILLER HOLOMORPHIC AND ANALYTIC TORSIONS 



13 



If A is of trace class and _B is a bounded operator, it is well known that Tr{AB) — Ti-{BA). Hence, 
by this fact and the semi-group property of the heat operator, we have 



Tr 



Tr (cxp ( - 2 (^ESl•^"^^)Lp-S^^^(vK,i5))^B\Dl■^«U^''^^ 

t 



= Tr (a„(9f l^pj^ ^^iw^E) '^^P ( ~ 2^^e"^^-°,u^e)\a''/^^^^.^{w,e)) 

' ^'^P ( ~ 2^^E,Di.o,u^E)\AP^f'^^ ^^^(W,E))^E,Di.o^u\A''j'^ 

Now 

^/(s,u) = ("^)''/ ^'"'Tr(t[a„,a*;^i,o|^p,^^^(^y^^)] exp ( - t(5*;^i,o5f 

fc— 0,1 ^ ' 

/ _ _ 

E(-l)'/ ^^"'Tr(to„((5*'V^f)L-^ (ws)e^P(-*(^^'^i.o^f)| 



k = 0,l 



(<9f <9B,Di.o,n)Lp.T=+T^^(Vi.,£;) ^xp ( " *(^f ^fi'Si^o.u) L-^^, ^B) ) ) ) ^y USUI) 



A:=0,1 

=^ E (-1)' /°°*'''Tr(a„exp(-ffl|g J , (3.12) 

k=0,l "^0 '°° 

where we used integration by parts for the last equality. Since g ^ is an elliptic operator, the dimension 
of ^I'q'x] {W, E) is finite. Let e ^ be a small enough real number so that ^ ^ -f e is bijective. Then 
we can rewite p.l2p as 



^fM = s E(-l)'/ *^"'Tr(a„exp(-t(nfg„ + £)|^,,,(^^^^ 
fc=0,l ° 

s E (-1)' r^'"'Tr(a„exp(-i(n|g_„+£)|^„,(^_^,) )dt 

fc=0,l ^ 

E (-1)' /'^'^"'Tr(a„exp(-ffl|g J 



dt 



s ^ {-If / t'^-^Tr(^a„exp(-ffl^_g J s (^^^^) )dt 
fe=o,i 

5 E (-l)'/'°^'"'Tr(a„cxp(-ffl|g J,„s^^^J (3.13) 



A:=0,1 
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\Ap-''(W,E)) 



Now dim = 2n is even, so for small time asymptotic exapnsion for Tr ^a„cxp (^^(D^g „+^)|^p,fc(-i4/£;')) ^ 
has a term a^^^j. ^t^ in its expansion about t = Q. That means Tr (^Uu exp ( — i(n^g u"*"^)! 
an,p,k,vf' does not contain a constant term as < J, 0. Hence, the integrals 



fc=o,i -^0 
do not have poles at s = 0. But the integrals 



fe=0,l 

have poles of order 1 with residues a„ ^ j, fc = 0, 1. On the other hand, because of exponential decay of 

Tr (^a„exp (-^(□^g^+e)|^^ j;^^^^^^) ^ and Tr a„ exp ( -tD^ ^ for larger, the integrals 

of the second term and the fourth term on the right hand side of p.l3p are entire functions in s. Hence 
we have 



fe=0,l ^ 



= - E (-l)'Tr [a„|^,,,^ (^^^^] + (-l)"a„,p,fe.„. (3.14) 

Hence, the result follows. □ 

By combining Lemma 13.61 with Lemma 13.71 obtain the main theorem of this subsection. For 
untwisted case, cf. [El Theorem 4.4]. 

Theorem 3.8. Let W he a complex manifold of complex dimension n and let E is a holomorphic bundle 
with connection D that is compatible and type (1, 1) over W. Suppose that H € A^'^(W,C) and dH = 0. 
Let , u G (uq — (5, Uq + (5), he a smooth family of Riemannian metrics on the complex manifold W , then 
the corresponding twisted Cappell-Miller holomorphic torsion Ti^oio,p,u{W, E , H) varies smoothly and the 
variation of Thoio,p,u{W, E, H) is given by a local formula 

d_ 

du 

fc=0,l 

We have the following corollary. See also [22j Theorem 5.3, Corollary 7.1] for the case of analytic 
torsion on Z2-graded elliptic complexes. 

Corollary 3.9. Let W be a complex manifold of complex dimension n and let E is a holomorphic bundle 
with connection D that is compatible and type (1, 1) over W. Suppose that H e A'^'^{W,C) and dH = 0. 
Let Fi , F2 be two flat complex bundles over W of the same dimension, then 

T-hoio,p(W^, E®FuH)(^ [ThoioAW, E F2,H)]-^ 
in the tensor product of determinant lines 

(DetiJ|;*(W, E®Fi,H)® [Det i/*^o~^(M^, E ® Fi, H)]^''^'>"*') 

(g){BetHf'{W, E(E)F2,H)(S, [Det H'^Zo^iW, E (g) F2, H)]^-^''"^')'^ 
is independent of the Hermitian metric g^ chosen. 



T^olo.pAW,E,H) = ( {-If f &„,p,^. J •Tholo.p,„(t^,i?,i?) 

l.-n 1 JW 
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Since the two bundles E®Fi and E®F2 are locally identical as bundles with connections, so the local 
correction terms are the same and cancell out in computing the variation of the twisted Cappell-Miller 
holomorphic torsion as the untwisted case, cf. (TBI Corollary 4.5]. 

3.6. Twisted Cappell-Miller holomorphic torsion under flux deformation. Suppose that the 
flux form H is deformed smoothly along a one-parameter family with parameter w G M in such a way that 
the cohomology class [H] e H^''^(WX) is fixed. Then ^7? = -dB for some form B € A°-'^{W,C) that 
depends smoothly on v. Let (3 = B Fix wo G M and choose A > such that there are no eigenvalues of 
a of absolute value A and the real parts of the eigenvalues of g I .„ s are all greater than 

0. Then there exists 5 > small enough that the same holds for the spectrum of [2^ g I .„ ^ ^, for 

V e (uq — 5,vo + 5). For simplicity, we omit the parameter v in the notations in the following discussion. 

The proof of the following lemma is similar to the proof of [20l Lemma 3.7], see also fTTj Lemma 4.7]. 
We omit the proof. 

Lemma 3.10. Under the above assumptions, we have 

k=0,l 

upon identification of determinant lines under the deformation. 

We also need the following lemma. 
Lemma 3.11. Under the above assumptions, we have 



|-[;^(-l)nDet,(a*;-,,af)| , ] = E(-l)'Tr[/3L..(^^,)]+ E(-l)'/ 



n,p,k ' 

fc=0,l k=0,l k=0,l 

where c„ ^ ]. is given by a local formula. 
Proof. Under the deformation, we have 

Following the proof of Lemma 3.5 of [20], we obtain the desired variation formula. □ 

By combining Lemma 13.101 with Lemma |3. Ill we obtain the main theorem of this subsection. 

Theorem 3.12. Let W be a complex manifold of complex dimension n and let E is a holomorphic bundle 
with connection D that is compatible and type (1, 1) over W. Along any one parameter deformation of 
H that fixes the cohomology class [H] and the natural identification of determinant lines, we have the 
following variation formula 

^r^oioAW,E,H) = ( E (-1)' / Cn,p,k)-r^oXo,p{W,E,H). 
^ fc=0,l •'^ 

As Corollarv l3.9[ we have the following corollary. See also ^T^, Corollary 7.1] for the case of analytic 
torsion on Z2-graded elliptic complexes. 

Corollary 3.13. Let W be a complex manifold of complex dimension n and let E is a holomorphic 
bundle with connection D that is compatible and type (1,1) over W. Suppose that H £ A'^'^{W,C) and 
dH = 0. Let Fi,F2 be two flat complex bundles over W of the same dimension, then Tho\o^p{W, E (g) 
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Fi,H) ® [t\o\o,p(W, E (E) F2,H)] ^ is invariant under any deformation of H by an d-exact form, up to 
natural identification of the determinant lines. 

4. Twisted Cappell-Miller analytic torsion 

In this section we first define the de Rham bi-graded complex twisted by a flux form H and its 
(co)homology groups. Then we define the Cappell-Miller analytic torsion for the twisted de Rham bi- 
graded complex. We obtain the variation theorems of the twisted Cappell-Miller analytic torsion under 
metric and flux deformations. In a recent preprint of [27j . Su also briefly discussed the twisted Cappell- 
Miller analytic torsion when dimension of the manifold M is odd. 

4.1. The twisted de Rham complexes. Let M be a closed oriented m-dimensional smooth manifold 
and let £ he a. complex vector bundle over M endowed with a flat connection V. We denote by ilP{M, £) 
the space of p-forms with values in the fiat bundle £, i.e., nP{M, £) = r(M, AP(T*M)r £) and by 

V : n'{M,£) il'+^{M,£) 

the covariant differential induced by the flat connection on £. Fix a Riemannian metric g^^ on M and 
let ★ : Vl'{M,£) — > 51™^*(Af, f) denote the Hodge ★-operator. We choose a Hermitian metric so that 
together with the Riemannian metric we can define a scalar product < •, • >m on Q,'{M,£). Define 
the chirality operator T = T{g^'^) : n'{M,£) n*{M,£) by the formula, cf. [H (7-1)], 

ra;:=r(-l)'^*a;, ujen'^{M,£), (4.1) 

where r given as above by r = ^^^^^ if m is odd and r = ^ if m is even. The numerical factor in (|4.ip 
has been chosen so that — Id, cf. Proposition 3.58 of [1,. 

Assume that n is an odd degree closed differential form on M. Let fl°^^{M,£) := r2'=™"/°^'i(Af, f) 
and :— V + H A ■ . We assume that H does not contain a 1-form component, which can be absorbed 
in the flat connection V. 

It is not difficuh to check that (V")^ = 0. Clearly, for each fc = 0, 1, : n''{M,£) n~{M,£). 
Hence we can consider the following twisted de Rham complex: 

{n'{M,£),\/'^) : ••• ^ n°{M,£) ^ n^{M,£) ^ n°{M,£) ^ ••■ . (4.2) 
We define the twisted de Rham cohomology group of {M, £),\7^) as 

HHM,£,n) ^^Ker(V^:^!(_^^^g)^^^(M,g)) 
Im(V« : 17'=-i(A/,f) ^ 17''^(M,£:)) 

The groups H^{M, £, H), fc = 0, 1 are independent of the choice of the Riemannian metric on M or the 
Hermitian metric on £. Suppose that "H is repalced hy TL' = H — dB for some B E il"(Af), then there is 
an isomorphism e'^ A ■ : ft'{M,£) — > il'{M,£) satisfying 

eg o V'" = V"' oei3- 

Therefor ejs induces an isomorphism on the twisted de Rham cohomology, also denote by eg, 

SB : H'{M,£,n) ^ H'{M,£,n'). (4.3) 
Denote by V^'* the adjoint of with respect to the scalar product < •, • >m- Then the Laplacian 
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is an elliptic operator and therefore the complex ()4.2|) is elliptic. By Hodge theory, we have the isomor- 
phism KerA^ ^ H*{AI, £,"}{)■ For more details of the twisted de Rham cohomology, cf. for example 

m- 

Now denote by V the connection on £ dual to the connection V, [11, Subsection 10.1]. We denote 
by £' the flat bundle {£, V'), referring to £' as the dual of the flat vector bundle £. We emphasize that, 
similar to the untwisted case, cf. [TTJ (10-8)] or [16, (8.4)], 

where V'" = V + HA •. 

Let V^'" rV^r, then (V'"'*)^ = 0. Clearly, V'"'* : ^t{M,£) ^ Vt^-^{M,£). Hence we can 
consider the following twisted de Rham complex: 

(f}*(M,f),V"'«) : ••• T- ^f{M,£) V- fl\M,£) ^ fl°{M,£) ^ ■•• . (4.4) 
We also define the homology group of the complex {il*{M, £), V^'") as 

H,mM,£),S^-^^) := Kcr(V^'»:^^M,g)^0^(M,g)) 

Im(V«-tl : 17'=+i(M,f) ^ f2'=(M,£:)) 

Similarly, the groups Hf.{ri*{M, £), V^'"), fc = 0, 1 are independent of the choice of the Riemannian metric 
on M or the Hermitian metric on £. Suppose that 7i is repalced by TL" — TL — SB' for some B' G ff'^M) 
and 5 the adjoint of d with respect to the scalar product induced by the Riemannian metric , then 
there is an isomorphism e^' A • : 0*(M, f) il'{M,£) satisfying 

SB' oV^'^ = V'^"'^ oEb'. 

Therefor ejs' induces an isomorphism on the twisted de Rham homology, also denote by ejs' , 

SB' : H,{n'{M,£),V'^^^) ^ iJ.(r!*(Af,f), V«"'»). (4.5) 

Denote by V^'"'* the adjoint of V^^'* with respect to the scalar product < •, • >m, then we have the 
following equalities. 

Again the Laplacian A'^ is an elliptic operator and therefore the complex (|4.4p is elliptic. By Hodge 
theory, we have the isomorphism Ker A'^ = i?,(r2*(M, £^), V^''). In particular, for fc = 0, 1, 

i/fe(r!-(Af,f), V«'«) - H\M,£',n). (4.6) 

4.2. Definition of twisted Cappell-Miller analytic torsion. Note that the flat Laplacian, defined 
as 

maps Vl^{M, £) into itself. Suppose I is an interval of the form [0, A], (A, /i], or (A, oo) (/^ > A > 0). Denote 
by H^w.j^x the spectral projection of A^'" corresponding to the set of eigenvalues, whose absolute values 
lie in T. Set 

nl{M,£) ■= HAw.«,i(rj''(M,f)) C ^t{M,£). 

If the interval I is bounded, then the space ri^(Af, £) is finite dimensional. Since and V^'" commute 
with A^, the subspace ri* (-^i ^) is asubcomplex of the twisted de Rham bi-complex (f2*(M, f ), V^, V^'"). 
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Clearly, for each A > 0, the complex r2*^^^(Af,£) is doubly acyclic, i.e. 7J'^(f2'^ ^^(M, f ), V^) = and 
^fe(^^(A,oo)(^^.^).V«'»)=0. Since 

n^{M,8) = f^fo,;,](M,f) ® Vl\^^^){M,£), (4.7) 

the homology 7J^(f2*g (Af, f ), V^'") of the complex (M, f ), V^''*) is naturally isomorphic to the 

homology i?fc(f2*(M, f), V"^«) =^ h'^{M,£' ,%), cf. dH]), and the cohomology (Af, f ), V'") of 

the complex [Vt*^ (A/, f ), V^) is naturally isomorphic to the cohomology H^{M,£,'H). 

Similar to the Z-graded case, cf. [ini Section 8], the chirality operator T establishes a complex linear 
isomorphism of the homology groups with cohomology groups 



In particular, we have the following isomorphism 

Deti7.(f]'(Af,£'),V^''') = Deti?.(l]['o;,](Af,£:),V'"'*) ^ (DctiJ*(Af,f (4.8) 
Using the Poincare duality, we also have the isomorphism 



Deti7™-'=(A/,£,H)"^ ^ DetH'=(Af,£',H), (4.9) 
where £' is the dual vetor bundle of the vector bundle E. Therefore, we have 



Det H'(M, £, n) (g) Det iJ™"*(A/, £,Hr^ 
^I)etH'{M,£,n) (gBct H'{M,£',n) by (gH) (4.10) 
= I)ctH'{M,£ ®£',n). 



For each fc = 0, 1, set 



Clearly, 



nl j{M, £) ■= Ker(V« V'^-S) n n\{M, £), 
ni^{M,£) := Ker(V«^«V^) n n^{M,£). 



(4.11) 



n|(Af, £) = nlj^{M, £) © ll^_x(Af, f), if ^ I. 

Let 9 G (0, 2tt) be an Agmon angle, cf. [2^. Since the leading symbol of V^'''V^ is positive definite, 
the ^-regularized determinant Det6/(V^''*V^)|j-jfc ^.^^ is independent of the choice of 9. 
For any < A < < oo, one easily sees that 

n (Det.(V«^«V«)|,. ,,,^)(-^^=[n (Det.(V«^«V«)|,. ^^,,^)^-^' 

/c=0,l ' ' fc=0,l ' 



(Det.(V«^«V«)|,. 

^■=0,1 ■ 

For any A > 0, denote by T[o,a] the Cappell-Miller torsion of the twisted de Rham bi-graded com- 
plex (17'Q^j(Af,f),V^,V^'''). Via the isomorphisms 7?.(17['q (A^, f ), V^-") ^ i?.(17'(Af, f), V^^«) and 
i?'(17^p;^](Af,f), V^) H'{M,£,H) and (jlJOj) . we can view r[o,A] as an element of Det ir'(Af,f©£',H). 
In particular, if m is odd, then, up to an isomorphism, 

T[o,A] eDeti?'(Af,£,H)®DetiJ'(Af,£:,-H)9;^Deti?'(Af,£©£:',-H). (4.12) 

The proof of the following lemma is similar to the proof of [161 Theorem 8.3], we omit the proof. 
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Lemma 4.1. The element 

TM- n (Det.(V-%«)|,. )^-''^ 
fc=0,l '°° 

is independent of the choice of A. 

We now define the Cappell-Miller analytic torsion for the de Rham complex twisted by a flux. 

Definition 4.2. Let (f, V) be a complex vector bundle over a connected oriented ni- dimensional closed 
Riemannian manifold M and % is a closed odd degree form, other than one form. Further, let V'^ ~ 
V + 'HA- andV'^'^ = TV^F. Let 6 G (0, 27r) be an Agmon angle for the operator A'^^'^ := (V" + V"''')^. 
The Cappell-Miller torsion t(\7,T-L) for the twisted de Rham bi-graded complex (r2*(M, f ), V^, V^'") is 
an element of T)et H* {M , £ ,%) ® ( Det i?*(M, f , H)) ^"^^"^ defined as follows 

r{V,n) :^ r[„,,] • [] ( Det.(V«^«V«) JAm)''"^ ■ (4-13) 



fe=0,l 



'+,(A,=o) ^ 



4.3. Twisted Cappell-Miller analytic torsion under metric and flux deformations. In this sub- 
section we obtain the variation formulas for the twisted Cappell-Miller analytic torsion t(V, Ti) mrder the 
metric and flux deformations. In particular, we show that if the manifold M is an odd dimensional closed 
oriented manifold, then the twisted Cappell-Miller analytic torsion is independent of the Riemannian 
metric and the representative H in the cohomology class [H] . See also . 

The proof of the following theorem is similar to the proof of Theorem 13.81 We omit the proof. 



Theorem 4.3. Let {£, V) be a complex vector bundle over a m-dimensional connected oriented closed 
Riemannian manifold M and H is a closed odd degree form, other than one form. Let g^^ ,a < v < b, 
be a smooth family of Riemannian metrics on M , then the corresponding twisted Cappell-Miller analytic 
torsion Ty{y ,%) varies smoothly and the variation of Ty{V ,1-1) is given by a local formula 

d 
dv 



fe=0,l 

In particular, if the dimension of the manifold M is odd, then twisted Cappell-Miller analytic torsion 
t{V,T-L) is independent of the Riemannian metric g*^. 

For the untwisted case considered in \T5\ , the variation of the torsion can be integrated to an anomaly 
formula jl5j . 

The proof of the foUwoing is similar to Theorem 6.1 of 22 . See also Theorem 3.8 of [20] . 

Theorem 4.4. Let {£, V) be a complex vector bundle over a m-dimensional connected oriented closed 
Riemannian manifold M and % is a closed odd degree form, other than one form. Under the natural 
identification of determinant lines and along any one parameter deformation T-Ly of % that fixes the 
cohomology class [H] , we have the following variation formula 

d_ 

dv 



k=0,l 



In particular, if the dimension of the manifold M is odd, then, under the natural identification of deter- 
minant lines, the twisted Cappell-Miller analytic torsion riy ,%) is independent of any deformation of 
T-L that fixes the cohomology class \H] . 
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4.4. Relationship with the twisted refined analytic torsion. In this subsection we assume that 
M is a closed compact oriented manifold of odd dimension. Recall that in [17l (3.13)], for each A > 0, 
we define the twisted refined torsion pr^.A] of tlie twisted finite dimensional complex (ri'^ (M, f ), V'^) 
corresponding to the chirality operator Fjo^a]- In our setting, as in the Z-graded case, [T2l (5.1)], the 
twisted Cappell-Miller torsion can be described as, (|4.12l) . 

T[o,A] := Pr[o.„ ® Pr[o,.j e ^ciH'{M,£,U) <S>'DclH'{M,£,n). (4.14) 

By combining (3.14), (3.20), (5.28) and Definition 4.5 in [T7], the twisted refined analytic torsion can 
be written as 

Pan(V«) = ±pr[o,,j • n ( Dete(V«'«V«)|^s ^ ^ (^.^g, • exp ( - i^{i^{B^{V^)) - rankf • yytriviai)), 

fc=0,l +.(^.°°) 

(4.15) 

where rj{B'^iy'^)) — rank£ • jytriviai is the p-invariant of the twisted odd signature operator B^{\7^), 
defined in [HI (3.2)]. 

By combining (|4.13|) . (14.141) with (|4.15|) . we have the following comparison theorem of the twisted 
Cappell-Miller analytic torsion and twisted refined analytic torsion. 

Theorem 4.5. Let {£, V) be a complex vector bundle over a connected oriented odd- dimensional closed 
Riemannian manifold M and H is a closed odd degree form, other than one form. Further, let — 
y + HA-. Then 

r(V,H) •exp(-2i7r(77(Sj^(V^)) -rank£-77triviai)) = Pan(V") ® pa„(V"). 

Note that in Theorem 5.1 of [22, Su compared the twisted Burghelea-Haller analytic torsion introduced 
in [27] with the twisted refined analytic torsion. By combining Theorem 5.1 of [27] with Theorem 14.51 
we can also obtain the comparison theorem of the twisted Burghelea-Haller torsion and the twisted 
Cappell-Miller analytic torsion. We skip the details. 
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